Abstract. Let ̺ ∈ C ∞ (R d \{0}) be a non-radial homogeneous distance function satisfying ̺(tξ) = t̺(ξ). For f ∈ S(R d+1 ) and δ > 0, we consider convolution operator T δ associated with the smooth cone type multipliers defined by
Introduction.
Let M be a real-valued d × d matrix whose eigenvalues have positive real part. Then the linear transformations A t = exp(M log t), t > 0, form a dilation group on R d . Let ̺ ∈ C ∞ (R d \ {0}) be a positive real-valued function satisfying ̺(A t ξ) = t ̺(ξ), which is called an A t -homogeneous distance function ( refer to [9] for elementary properties ).
For the case of A t = t 1/2 I and ̺(ξ) = |ξ| 2 , sharp weak type results on H p (R d+1 ), 0 < p < 1, with the critical index δ(p) = d(1/p − 1/2) − 1/2 are discussed in [4] .
Let S(R d+1 ) be the Schwartz space of rapidly decreasing C ∞ (R d+1 )-functions, and letf be the Fourier transform of f ∈ S(R d+1 ). In what follows, we shall always assume that A t = t I and ̺ ∈ C ∞ (R d \ {0}) is a non-radial A t -homogeneous distance function whose unit sphere Σ ̺ {ξ ∈ R d : ̺(ξ) = 1} satisfies a finite type condition, i.e. every tangent line makes finite order of contact with Σ ̺ . For f ∈ S(R d+1 ) and δ > 0, we define convolution operators T δ by
Let Γ γ = {(x, t) ∈ R d × R : |t| ≥ γ|x|} where γ = sup ̺(ξ)≤1 |ξ|. The purpose of this article is to obtain sharp restricted weak type endpoint ( δ(p) = d(1/p − 1/2) − 1/2 ) results of T δ on H p (R d+1 ), 0 < p < 1, for the distance function ̺(ξ) in the sense that T δ is a bounded operator of H p (R d+1 ) into L p (Γ γ ) for δ > δ(p), but it fails to be of restricted weak type (p, p) on H p (R d+1 ) for all δ < δ(p) and fails to be a bounded operator of H p (R d+1 ) into L p (Γ γ ) when δ = δ(p). Here H p denotes the standard real Hardy space as defined by E. M. Stein in [7] .
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) is a non-radial homogeneous distance function satisfying ̺(tξ) = t̺(ξ) whose unit sphere Σ ̺ is a convex hypersurface of finite type. If
; that is, there exists a constant C > 0 not depending upon λ and f such that for any f ∈ H p (R d+1 ),
Remarks. (i) This result generalizes that of [4] in R d × R to non-radial cases ( which is of finite type and convex ) by using the argument based on the results in [5] .
(ii) As a matter of fact, we prove this result under more general surface condition than the finite type condition on Σ ̺ , which was so called a spherically integrable condition of order < 1 in [5] .
(iii) Theorem 1.2 does not mean that it fails that the operator T δ(p) is a bounded operator of
However, it is to be shown in the proof of Theorem 1.2 that the zero set Z of the phase function of the oscillatory integral (5.9) has the Lebegue measure of the infinity in terms of R d+1 . This implies that the kernel corresponding to the operator T δ(p) has pretty bad decay in some thin sector in R d+1 whose Lebesgue measure should be infinite, unlike the radial case. Thus this observation raises up the possibility that it fails that the operator
Let us mention the reason why such a phenomenon does not happen in the radial case. Since the Fourier transform of the radial function is radial, the phase function x, ξ + tτ of the oscillatory integral (5.9) in the radial case can be reduced to the new phase function (t ± |x|)τ by the routine change of variables. Then we easily see that the zero set Z of the new phase function should be {(x, t) ∈ R d+1 : t = ±|x|} and its Lebesgue measure must be zero in terms of R d+1 . This is the reason why the result of the non-radial case is expected not to coincide with that of the radial case.
In what follows, we shall use the polar coordinates; given x ∈ R d , we write x = r θ where r = |x|
Given two quantities A and B, we write A B or B A if there is a positive constant c ( possibly depending on the dimension d ≥ 2, the hypersurface Σ ̺ , and the index p to be given ) such that A ≤ cB. We also write A ∼ B if A B and B A. We denote by
2. Preliminary estimates on a smooth convex hypersurface of finite type.
Let Σ be a smooth convex hypersurface of R d and let dσ be the induced surface area measure on Σ. For x ∈ R d , we denote by B(ξ(x), s) the spherical cap near ξ(x) ∈ Σ cut off from Σ by a plane parallel to T ξ(x) (Σ) ( the affine tangent plane to Σ at ξ(x) ) at distance s > 0 from it; that is,
where ξ(x) is the point of Σ whose outer unit normal is in the direction x. These spherical caps play an important role in furnishing the decay of the Fourier transform of the measure dσ. It is well known [7] that the function
is bounded on S d−1 provided that Σ has nonvanishing Gaussian curvature.
Remark. (i) B. Randol [6] proved that if Σ is a real analytic convex hypersurface of
(ii) More generally, it was shown by I. Svensson [10] that if Σ is a smooth convex hypersurface of
Thus, by the above remark (ii), it is natural for us to obtain the following corollary.
Sharp decay estimates for the Fourier transform of surface measure on a smooth convex hypersurface Σ of finite type k ≥ 2 have been obtained by Bruna, Nagel, and Wainger [1] ; precisely speaking,
They define a family of anisotropic balls on Σ by letting
where ξ 0 ∈ Σ. We now recall some properties of the anisotropic balls B(ξ 0 , s) associated with Σ. The proof of the doubling property in [1] makes it possible to obtain the following stronger estimate for the surface measure of these balls;
It also follows from the triangle inequality and the doubling property [1] that there is a positive constant C > 0 independent of s > 0 such that
Lemma 2.2 [5] . Let Σ be a smooth convex hypersurface of R d which is of finite type k ≥ 2. Then there is a constant C = C(Σ) > 0 such that for any y ∈ B(0; s) and x ∈ B(0; 2s) c , 0 < s ≤ 1,
where ξ(x) is the point of Σ whose outer unit normal is in the direction x.
Lemma 2.3. Let Σ be a smooth convex hypersurface of R d which is of finite type k ≥ 2. Then there is a constant C = C(Σ) > 0 such that for any x, y ∈ R d with |x| > 2 |y| > 0,
where Φ is the function defined as in (2.1).
Proof. It easily follows from (2.3), the definition of Φ, and Lemma 2.2 that for any y ∈ B(0; s) and x ∈ B(0; 2s) c , 0 < s ≤ 1,
Thus this implies that for any x, y ∈ R d with |x| > 2 |y| > 0,
3. The kernel estimate associated with the cone type multipliers. Throughout this section from now on, we shall concentrate upon obtaining decay estimate of the kernel associated with the cone type multipliers. First of all, we obtain the lower bound of the phase function of the kernel on the dual cone Γ γ and the unit ball
) is a non-radial homogeneous distance function satisfying ̺(tξ) = t̺(ξ). Then we have the following estimate
Proof. It easily follows from the triangle inequality and Schwarz inequality. Let ψ ∈ C ∞ 0 (R) be supported in (1/2, 2) such that l∈Z ψ(2 −l t) = 1 for t > 0. For fixed l ∈ Z, we shall need pointwise estimates for the operators
For each l ∈ Z, the kernel K
has the property
Let φ ∈ C ∞ 0 (R) be supported in (1/2, 2) such that k∈Z φ(2 k s) = 1 for 0 < s < 1, and let
We write k∈N K
has a very nice decay in terms of x-variable and a properly good decay in t-variable, it suffices to treat only the operators T δ(p) k,l in the following lemma.
) is a non-radial homogeneous distance function satisfying ̺(tξ) = t̺(ξ). If |x| ≤ 2 2−l γ −1 for fixed l ∈ Z, then for each k ∈ N we have the following uniform estimates; for any N ∈ N,
and thus |K
d+1 is a multi-index, and we denote by
Proof. It easily follows from the integration by parts N -times with respect to τ . Now we proceed the case that |x| > 2 2−l γ −1 . By the change of variables, the integral (3.1)
,ξ τ +i2
We shall employ a decomposition of the Bochner-Riesz multiplier (1−̺)
a.e., where
We now introduce a partition of unity Ξ ℓ , ℓ = 1, 2, · · · , N 0 , on the unit sphere Σ ̺ which we extend to R d by way of Π ℓ (t ζ) = Ξ ℓ (ζ), t > 0, ζ ∈ Σ ̺ , and which satisfies the following properties; by compactness of Σ ̺ , there are a sufficiently large finite number of points ζ 1 , ζ 2 , · · · , ζ N0 ∈ Σ ̺ such that for ℓ = 1, 2, · · · , N 0 ,
for some sufficiently large fixed M ( to be chosen later ), where B(ζ 0 ; s) denotes the ball in R d with center ζ 0 ∈ Σ ̺ and radius s > 0. Then we split the kernel
(x, t) into finitely many pieces as follows;
lℓ (x, t).
Here we observe that for l ∈ Z and ℓ = 1, 2, · · · , N 0 ,
d is a multi-index satisfying |α| = n + 1.
Proof. We observe that the map
defines polar coordinates with respect to ̺ by way of
where dσ(ζ) denotes the surface area measure on Σ ̺ and n(ζ) is the outer unit normal vector to Σ ̺ at ζ ∈ Σ ̺ . Now fix ζ ℓ ∈ Σ ̺ . Then the unit sphere Σ ̺ can be parametrized near ζ ℓ ∈ Σ ̺ by a map
Then there is a neighborhood U 0 of ζ ℓ with compact closure, and a neighborhood V 0 of the origin in R d−1 so that the map
is a diffeomorphism with Q(1, 0) = ζ ℓ . The Jacobian of Q is given by
where R(w) is positive and
By (3.3), we have that
Let I 0 ℓ (x, τ ) denote the integral with respect to ξ-variable in (3.6); that is to say,
Applying generalized polar coordinates that we introduced in the above, we have that
We note that if θ, n(ζ ℓ ) < 1, then we have that
Combining this with the homogeneity condition on the distance function ̺ and choosing a sufficiently large M > 0 in (i) ∼ (v), we may select ε 0 > 0, a neighborhood U 1 of ζ ℓ with supp (ϕ Π ℓ ) ⊂ U 1 ⊂ U 0 , and a neighborhood V 1 of the origin in R d−1 so that (3.5) satisfies, and such that for all (w, ̺) ∈
for some c 0 > 0, c 1 > 0, and c 2 > 0. We choose some e ∈ S d−2 so that for all (w,
by parts with respect to w-variable N 1 -times to obtain that
Then we integrate the kernel K
0ℓ (x, t) by parts with respect to τ -variable N -times to get that
(3.10)
Thus, by Lemma 3.1, (3.9), and (3.10), we have that for any N, N 1 ∈ N,
0ℓ (x, t) ( in (3.6) and (3.7) ) by parts with respect to τ -variable N -times to obtain that
(3.12)
Then it follows from the asymptotic result (see [3] ) of (3.12) with respect to ̺-variable that for any
where
Therefore, by (2.1), (2.2), Lemma 3.1, (3.8), (3.11), and (3.13), we obtain the required inequality. Finally, we can complete the proof by noting the fact that |α|=N
for some Schwartz function Ψ ∈ S(R d+1 )
d is a multi-index satisfying |α| = N .
The atomic decomposition for H p spaces and technical lemmas.
An atom is defined as follws: Let 0 < p ≤ 1 and ν be an integer satisfying ν ≥ (d + 1)(1/p − 1). A (p, ν)-atom is a function a which is supported on a cube Q with center x 0 ∈ R d+1 and which satisfies
where each a i is a (p, ν)-atom and {c i } ∈ ℓ p (R), then f ∈ H p and f H p i |c i | p , and the converse inequality also holds (see [7] ).
First of all, we recall a useful lemma [8] due to Stein, Taibleson and Weiss on summing up weak type functions in case of 0 < p < 1.
Lemma 4.1. Let 0 < p < 1. Suppose that {h k } is a sequence of nonnegative measurable functions defined on a subset Ω of R d such that
where A > 0 is a constant. If {a k } is a sequence of positive numbers with {a k } ℓ p < ∞, then we have that for l ∈ N and all λ > 0. Then we have that {x ∈ Ω :
For j ∈ N and l ∈ Z, we set 5. Restricted weak type estimates on H p (R d+1 ), 0 < p < 1.
In this section, we shall obtain the uniform weak type estimates of T δ(p) a restricted to Γ γ when a is a (p, N )-atom with N ≥ (d + 1)(1/p − 1).
Lemma 5.1. Suppose that ̺ ∈ C ∞ (R d \ {0}) is a non-radial homogeneous distance function satisfying ̺(tξ) = t̺(ξ) whose unit sphere Σ ̺ is a convex hypersurface of finite type, and let 0 < p < 1 be given. If a is a (p, N ) -atom with N ≥ (d + 1)(1/p − 1) defined on R d+1 , then there exists a constant C = C(d, p) such that {(x, t) ∈ Γ γ : |T δ(p) a(x, t)| > λ} ≤ Cλ −p , λ > 0,
where Γ γ = {(x, t) ∈ R d × R : |t| ≥ γ|x|} for γ = sup ξ∈B̺ |ξ|.
Proof. Since T δ(p) is translation invariant, we may assume that a is supported in a cube Q of diameter d > 0 centered at the origin. We observe that |{(x, t) ∈ Γ γ : |T δ(p) a(x, t)| > λ}| ≤ |{(x, t) ∈ Q * ∩ Γ γ : |T δ(p) a(x, t)| > λ/2}|
+ |{(x, t) ∈ Q c * ∩ Γ γ : |T δ(p) a(x, t)| > λ/2}|
where Q * is the cube concentric with Q and with sides of twice the length, and we will show that each term is bounded by C λ −p .
Suppose (x, t) ∈ Q * ∩ Γ γ . By Plancherel theorem and Hölder's inequality with p/2 + 1/q = 1, we have that
Hence, by Chebyshev's inequality, we have that for all λ > 0, (5.2) |{(x, t) ∈ Q * ∩ Γ γ : |T δ(p) a(x, t)| > λ/2}| ≤ C λ −p .
Next we want to estimate the following weak type inequality (5.3) |{(x, t) ∈ Q c * ∩ Γ γ : |T δ(p) a(x, t)| > λ/2}| ≤ C λ −p , λ > 0.
obtain that T δ(p) a i satisfies the uniform weak type estimate restricted to Γ γ when a i is a (p, N )-atom ( N ≥ (d + 1)(1/p − 1) ) in Lemma 5.1. Since |T δ(p) f (x, t)| ≤
